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1. Introduction

In many sample surveys the principal objec-
tive is to compare several sectors of a finite
population. Specifically, there may be several
factors (criteria of classification) of interest
and each of these factors may have been divided
into several categories. Then, for each factor,
one may wish to compare these categories. For
instance, a proposed study of hospitals in Iowa
includes the factors "size of hospital" and "type
of ownership." To take a simple example, one
may wish to contrast large and small hospitals
as well as public and private ones. (Here, for
the factor "size of hospital," there are two
categories - large and small.) Assuming this
general specification of the problem, one must
proceed to suggest comparisons of interest, and
appropriate estimators. Then it is possible to
select the sample so that specified precision
for the estimates of the comparisons is attained
at minimum cost, or maximum precision is achieved
subject to a given budget.

For simplicity of presentation, attention is
restricted to two-factor studies with two cate-
gories for each criterion of classification. For
many of the topics discussed, extensions to more
complex surveys are immediately clear.

In Section 2, it is assumed that one may
select an independent random sample in each of
the population sectors to be studied. (Thus,
using the illustrative example, one may choose a
random sample of Iowa's small, public hospitals
independently of the large, private ones.) Then,
utilizing a general type of comparison, a proce-
dure to obtain the optimal sample size allocation
is given. Since electronic computer algorithms
may be needed to calculate the optimal alloca-
tion, approximate solutions are suggested. 1In a
numerical study these approximate solutions are
contrasted with the corresponding exact solu-
tions.

If one cannot select independent samples in
the subpopulations under study, a double sampling
procedure may be feasible. Utilizing the results
obtained in Section 2, a double sampling scheme
is given in Section 3. This entails the formula-
tion of a complex sampling rule for selecting
the main sample from the large preliminary sample.
A procedure for choosing the optimal sizes for
the two samples (assuming a given budget) is also
presented.
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2. Single-phase Sampling

2.1. Comparisons

The two factors under investigation, each
having two categories, may be represented by a
2 x 2 table with the (i,j)-th cell denoting the
i-th category of the first factor, and the j-th
category of the second factor. There are Nij

elements in the (i,j)-th cell (i,j = 1, 2), from
which a random sample of size nij is selected.

The sample mean is denoted by ¥, ., and the (pop-

wlation) within-cell variance 19by o j let
N, =ZN.,,N,=2N,., N=ZEN,,, with
i. 3 ij . J ;3 13 13 ij

analogous definitions for ni , n 3’ and n.

The type of comparison to be employed de-
pends on the assessment of the presence of inter-
action between the factors. If the interaction
is deemed to be sufficiently small so that it may
be neglected, and if a linear model is assumed to
provide an adequate representation of the popula-
tion, the contrasts of interest are readily
apparent from the assumed model. Making such
assumptions, Sedransk (1967) has obtained optimal
sample size allocations which are applicable to
studies where equal precision is required for all
comparisons. He considers the two, three and
four-factor cases where each factor has two cate-
gories of interest to the investigator.

However, if the interaction effect is large,
and if one wishes to make an overall comparison,
the choice of type of comparison is not so evi-
dent. Denoting the first fuctor by o and the
second by T, the two categories for each factor
may be compared by considering

D, = {N ;(uyq = wop)/N} + {N S(uy, - 1yp)/N)

and

o
|

= (N (kyq = 1yo)/NE + N, (uyy - 1y,)/N

(2.1.1)

where p,, is the population mean for the (i,j)-th

cell. 19

Unbiased estimators for Da and DT are given
by

and

Dy = (N (yy - ¥3p)/8 + (N, () - ¥pp) /M-

(2.1.2)
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(2.1.3)

it may be noted that each of the two terms in
(2.1.3) is an estimator similar to one suggested
by Yates [1960, p. 134, (2)], except that, in

‘Yates' example, some of the weights {Ni , N j}

are to be estimated from the sample.

The other estimator cited by Yates [1960,
p. 134, (1)] as appropriate if interaction is
present, can be obtained from (2.1.2) by setting
N.J =N, = N/2 for (1,3 = 1, 2). Finally, all
results obtained by using (2.1.2) are applicable
to any pre-specified choice of weights Wl, 1-wl,

W, 1-w2} with W, replacing N l/N, (1-W)) re-
placing N 2/N, etc.

The "proportionately weighted estimators"
given by (2.1.2) are considered extensively in
the sequel. They often provide a reasonable
mode of comparison when overall contrasts are
required. Also, the difficulties in obtaining
optimal sample size allocations are well illus-
trated by assuming comparisons of this form. As
noted above, the choice of particular (pre-
specified) weights in (2.1.2) does not affect the
ensuing analysis.

In some situations, it may be preferable to
consider "simple effects” rather than composite
comparisons such as (2.1.1). (Here, the "simple
effects" are 1y = Hips Moy = Hops Hyp = Moy and
Hyp - p22-) Such an approach is certainly more
reasonable if the main objective is to select
(separately) for each -category of the a-factor
the "better" category of the r-factor. However,
it may be unsatisfactory to look only at the sim-
ple effects if one wishes to obtain overall
appraisals.

2.2. Procedures to obtain optimal allocations
For the proportionately weighted estimators,
it is desired to find those values of the n,, > 0
that i =
I. minimize ? z ciJ nij
J
subject to
A
v = 2 ¥ =
ar(Da) ? § N?J cyi:]/(N‘2 niJ) v,
and
A
_ 2 2 2 _
Va-r(DT) = i ? Ni~ Gij/(N niJ) = V2
(2.2.1)

where ciJ is

the (i,j)-th cell and V,V, are constants speci-
fied in advance.

the cost of sampling an element in

345

This problem is equivalent to the one con-
sidered by Cochran (1963, pp. 123-124). Using
standard calculus methods, there is no simple
explicit solution for the optimal values of the
nij’ and Cochran presents a camplex iterative

method that may be used to obtain the solution.

Alternatively, one may reformulate problem
I:

II. minimize ? ? cij niJ

subject to
A A
Var(Da) <V Va.r(DT) <V,
0 < n;y < Nij for i,j =1, 2. (2.2.2)

This is a convex programming problem, and
numerical solutions may be obtained by using an
appropriate electronic computer algorithm. For
example, Hartley and Hocking (1963) describe a
method of convex programming by tangential
approximation.

Since the convex programming approach is
the more general one, it is preferable to the
specification denoted by I, but neither is com-
pletely adequate. The convex programming method
depends on the availability of appropriate com-
puter facilities, and the procedure described by
Cochran is somewhat cumbersome to carry out.
Moreover, neither approach yields explicit alge-
braic expressions for the optimal values of the
niJ' (Such expressions are very useful in

planning a double sampling procedure of the type -
described in Section 3.) Hence, it appears pro-
fitable to explore an alternative formulation
(III) of the problem, and compare the resultant
optimal allocation with the corresponding one
obtained by using the convex programming method.

Thus, the nij > 0 are to be selected to
III. minimize Z Z cij niJ

i
subject to

A A '

Wy Va.r(Da) + (1-wl) Var(DT) =v* (2.2.3)
where, to approximate problem formulation I or
IT, one might set W, = v2/(vl + v2) and V¥ =
avyv, /(v + V,)-

Then, it is easily shown that the optimal

*
value of nij’ nij’ is given by
2 1/
(o
(-4
cij
2
{moij[cij{wln.:] + (1-w))NZ 3]
N2 v*

1/2
nfy = vy ¥2 + (1w 1 -

1/2

}

(2.2.4)



For each of thirty numerical examples, a
comparison of the allocation given by (2.2.4)
with the corresponding optimal allocation from
the convex programming approach (II) is given
in Section 2.3.

For the "simple effects" estimators, one
might choose those values of the nij that mini-
mlze_; DAL subaect tcLYar(yll - zlg) =
= V. The optimal allocation can be obtained by
standard methods.

2.3. Evaluation of an approximation to the

optimal sample size allocation

In this section, it is" desired to ascer-
tain the efficacy of using the allocation given
by (2.2.4) as an approximation to the optimal
allocation of the nij obtained by using the

"convex programming" approach (II). There is no
loss of generality by taking cij =1 for (i,j =

1, 2), and for simplicity, it is assumed that

Vl = V2 = V'. Then, the optimal allocation is

obtained by using a convex programming algorithm
to

X Zn,

minimize .
1J

subject to

A
Var(Da) Tz N?jcgj/(Nanij) <V

A
Var(DT)

1}

2 2 2, )
£ Ni.cij/(N nij) <V

0<n,. <N, for (2.3.1)

i 1, 2.
=i =1

i,j =

The approximation to this optimal alloca-
tion is obtained by

zZz nij

minimizing
subject to

{Var(ga) + Var(ST)}/2 =V'. (2.3.2)

From (2.2.4), the approximate optimal allocation
is given by

L 1

n¥, = (N2 + N2 )2 {220 (Nf. + N?j)el/zNZV'.

i 1j
(2.3.3)

For each of thirty numerical examples, the
following general procedure was used: (1) Ap-
plying the Hartley-Hocking technique to (2.3.1),
the optimal allocation {n } was obtained;

(2) The approximate optlmal allocation {n* }
was calculated from (2.3.3); (3) Var(D ) and
Var(D ) were computed using each of the alloca-
tions given by (1) and (2) above; (4) The total

sample size (n = ZZnij) was computed for each of
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the allocations (1) and (2). Now define as

follows:

C(i) = total cost (sample size) using the allo-

cation given under (i) for i =1, 2,

A A
= Max [Var(Da), Var(DT)], computed using

the allocation given under (2),

V(2)

A
Var(Da), computed using the allocation
A
under (1), if V(2) = Var(Da)

A
Var(DT), computed using t?e allocation
under (1), if V( Var(DT),

2)

S = o2 and S, = I o2, ,

| i ij i. 3 ij

=
1]

Max [N.l/N‘e, N_Q/N_l] and

Ny N /N 1

=
|

= Max [Ni_/

=
|

= Max [s‘l/s.g, 3.2/3.1] and

Sp./81.1 5

1}

Max [sl./sg_,

(5) The following values were computed for each
of the numerical examples:

(a) P, = (c(l) - 0(2))(100)/0(1) = percent
decrease in cost by using (2.3.3)
rather than the solution to
(2.3.1).

(b) P = (V(2) - V(l))(lOO)/V(l) = percent
increase in variance by using
(2.3.3) rather than the solution
to (2.3.1).

(e) Ry = Max [Rl/Re, R2/Rl]

(d) Rg = Max [R3/Ru, RH/R3] .

It is easily shown that Pv and Pé are in-

variant under changes in scale. That is, if
each of the Nlj is multiplied by a constant kl’

and each of the U?j by a constant k,, the values
of P and P are not altered.

1cal examples presented in Table 1 cover a very
wide range of values of the Nlj and o i3

The results of the thirty numerical exam-
ples, for the most part, encourage the use of
the approximate solution (2.3.3). For many of.
the examples, the allocations from (2.3.3) and
(2.3.1) were essentially the same, and most of
the values of Pv and Pé in Table 1 are small.

(In choosing the examples, the objective was to
identify those cases where RV is large.) Note

Thus, the numer-

that large positive values of P are accompanied

by large pos1tiv; values of P . 1In such situa-
tions, Max [Var(D ), Var(D )] is much larger



Table 1

Values of PV and Pc for thirty specifications* of the Nij and ofj-
2 2 2 2
Example Ny N, No1 Yoo o1y 912 91 22 P F,
1 1 1 1 1 1 1 1 1 0.00 0.00
2 1 1 1 1 1 1 1 50 0.00 0.00
3 1 1 1 1 1 1 1 1000 0.00 0.00
n 1 1 1 1 1 10 1 10 -0.06 -0.06
5 1 1 1 1 1 100 1 100 0.02 0.02
6 1 1 1 1 1 1000 1 1000 0.00 0.00
7 1 1 1 1 100 1 100 1 0.02 0.02
8 1 1 1 1 8 4 2 1 -0.06 -0.06
9 1 1 1 90 1 1 1 90 0.01 0.01
10 1 1 1 90 1 1 1 900 0.34 0.23
1 1 1 1 100 100 100 100 1 0.00 0.00
12 1 1 1 1000 1 1 1 1 0.17 0.02
13 1 10 1 10 1 1 1 1 0.62 5.4
14 1 100 1 100 1 1 1 1 1.89 10.05
15 1 100 1 100 1 100 1 100 31.72 52.49
16 1 100 1 100 100 1 100 1 38.29 71.02
17 1 1000 1 1000 1 1 1 1 1.87 10.50
18 1 1000 1 1000 1000 1 1000 1 46.13 89.45
19 1 100 100 1 100 1 1 100 0.17 0.16
20 1 100 100 1 1 100 100 1 0.08 0.08
21 1 10 100 1000 1 10 100 1000 10.89 18.83
22 100 100 100 1 1 1 1 50 0.00 0.00
23 100 100 100 1 1 1 1 100 0.00 0.00
24 100 1 1 100 100 1 1 100 0.17 0.16
25 1000 100 10 1 1000 100 10 1 10.95 18.84
26 1000 100 10 1 1 10 100 1000 23.68 52.85
27 2 2 1 1 4 3 2 1 L.08 6.86
28 21 T 9 7 1 1 1 1 0.00 0.00
29 25 213 119 117 99036 99036 91023 91023 0.00 0.00
30 26 18 L6 51 5208 833 3333 1875 1.75 2.68

g 2
Most of the sets of Nij and O'iJ

A A
than Min [Var(Da), Var(DT)] under allocation

(2). Thus, the reduction in total cost obtained
by using the spproximate solution is achieved at
the cost of having one estimate with variance
exceeding V' by a substantial amount. (Note that
rounding errors in two exemples cause Pc and Pv
+0 be slightly negative.)

To identify the situations where Rv is
large, the indices RN and RS are used. In Table
2, note that when RN is significantly larger
than one, BV is generally quite large. Also,
when both RN

greater than one, both Pc and Rv are larger than

and RS are simultaneously much

they would be if only RN were greater than one.

(Compare example 14 with 15, and 17 with 18.)
Note that when RN exceeds one, even if Rs is

equal to one, Pv may be moderately large (exam-
ples 13, 14 and 17). Finally, Ry alone is not a
good indicator of the conditions under which PV

is large (examples 4, 5, 6 and 7). From the
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have been scaled for convenience of presentation.

above, the following procedure is suggested:

(1) Compute Ry If Ry is near one, use (2.3.3).
If Ry is much larger than one (perhaps, conser-
vatively, larger than two), compute Rg- (2) 1f
RS is near one, then the allocation given by
(2.3.3) may still be satisfactory. If Ry is

also much larger than one, (2.3.3) is likely to
be unsatisfactory.

Note that (except for rounding errors) the
reduction in cost (Pc) is never as large as the
increase in variance (Rv). Nevertheless, if P,

is only moderately large (examples 14, 17 and
27), then the resultant reduction in cost might
make the use of (2.3.3) attractive. (This may
be true for those examples with RN large and

RS = 1.) Finally, it should be observed that it

will always be possible to calculate RN prior to
sampling.



Table 2
Indices of the effectiveness of (2.3.3).

)
d

Example R R

N S c v
1 1.00 1.00 0.00 0.00
2 1.00 1.00 0.00 0.00
3 1.00 1.00 0.00 0.00
IR 1.00 10.00 -0.06 -0.06
5 1.00 100.00 0.02 0.02
6 1.00 1000.00 0.00 0.00
7 1.00 100.00 0.02 0.02
8 1.00 2.00 -0.06 -0.06
9 1.00 1.00 0.01 0.01
10 1.00 1.00 0.34 0.23
11 1.00 1.00 0.00 0.00
12 1.00 1.00 0.17 0.02
13 10.00 1.00 0.62 5.24
1k 100.00 1.00 1.89 10.05
15 100.00  100.00 31.72 52.49
16 100.00  100.00 38.29 71.02
17 1000.00 1.00 1.87 10.50
18 1000.00 1000.00 46.13 89.45
19 1.00 1.00 0.17 0.16
20 1.00 1.00 0.08 0.08
21 10.00 10.00 10.89 18.83
22 1.00 1.00 0.00 0.00
23 1.00 1.00 0.00 0.00
ol 1.00 1.00 0.17 0.16
25 10.00 10.00 10.95 18.84
26 10.00 10.00 23.68 52.85
27 2.00 1.55 k.08 6.86
28 1.22 1.00 0.00 0.00
29 1.76 1.09 0.00 0.00
30 2.12 2.72 1.75 2.68

3. Two-phase Sampling

If the elements in the four sub-populations
(represented by the cells in a 2 x 2 table) are
not identifiable in advance, one cannot sample
independently in each of them. Thus, for the
example cited earlier, it is assumed that there
is no comprehensive list of the small, public
hospitals in Iowa. However, one may select a
large preliminary sample, and identify the sub-
population to which each sampled element be-
longs. Then, for each sub-population, a sub-
sample is selected for further study. Such a
"two-phase" or "double" sampling procedure will
be useful if the cost of identifying an element
is small relative to the cost of securing the
necessary information in the main survey.

For simplicity of presentation, only the
A A
proportionately weighted estimators (Da’ DT) are

considered, and the single "composite" precision
statement given by (3.1) is utilizedl. The
numerical analysis in Section 2.3 suggests,that

if equal precision is desired for o and DT,

lThe general procedure outlined in Section 3 is
similar to the one given by Sedransk (1965) who
investigated comparisons among two and three
sub-populations.

A A
v = {var(p ) + var(D_)}/2 (3-1)
is a reasonable composite precision statement.

It is assumed, at first, that the weights
in Da and DT are selected prior to sampling. It

may be noted that the ensuing analysis is not
affected by selecting weights other than those
given in (2.1.1). If the weights given in
(2.1.1) are to be estimated from the sample
results, modifications in the theory are neces-
sary. These are given in the last part of this
section.

Further, it is assumed that a given budget
(C*) is available to the investigator, and that
the sizes of the preliminary sample (n') and
main sample (n) are related by the cost equation.

C*¥ = c'n' + cn (3.2)

where ¢' is the cost of identifying an element,
and ¢ is the cost of securing the necessary in-
formation from an element in the main sample.

The overall objective is to find that value
of n' which satisfies (3.2), and minimizes V.
This is most easily accomplished by evaluating
V for a series of values of n' satisfying (3.2),
and selecting that value of n' giving the mini-
mum value of V.

To evaluate V one must first derive the
sampling rule .(S.R.) to be used. For fixed, but
arbitrary, values of n' and n, the S.R. speci-
fies, for any preliminary sample, how the sub-
sampling is to be carried out. Let the random
variable n{j denote the number of elements in

the preliminary sample that are members of the
(i,j)-th cell (Z = nij =n'). Then, conditional

on the observed nij, the S.R. gives the sample

sizes (denoted by nij) for the main sample.

For a given S.R.,

—_— % [E{Var(ga“nj'_j})} + Var {E(gal{nia})}

. E{Var(I/;TI{nJ."j})} + Var [E(/];Tl{nij})}]

I

1 Nz;] + Nia. f_:iz_._j_ 2
5 ELz2 ( " ) 721 = Elzs gij/niJ]

ij ij
(3-3)

{E [v(nij)]}/e (3-4)

where fni.} represents a fixed set of the nij

and the expectation in (3.3) and (3.4) is taken

over all possible sets of n{j with the values of
the nij determined by the S.R.

From (3.4) it is clear that, for a given



set of ni 3’ one should select the n 4 to mini-

mize V(ni;j) - that is, to minimize the sum of

the two conditional variances. The "complete
sampling rule (described below) achieves this
objective by utilizing the standard optimal

allocation, ni;] uegij, when it is possible to do

"

80, and by making appropriate modifications when
the observed n{ are too small. (The convexity

of V(ni;j) suggests the adjustments to be made.)
Define

gfj = (N.zj + n?_ )cx';"j/am2 for 1i,j =1, 2,
8y = ngij/z z 85 for 1i,j =1, 2,

bij = (n - n; )gij/(gl2 + 521 + 322)

for (i,j) f (1,1),

4y =(n-njy - nj))e; /(e + 8p)

for (i,J) = (211)}(2)2):

sl
1

= - n! l A = n!
n nll and n-n21+né2.

The complete S.R. is defined as follows.
(Note that when using the S.R., a re-labeling

of the nij may be necessary.)
(1) 1f ni;j >a. for all (i,3), let
By = aij for all (i,J).

(2) 1If only one n; .j 84, S8Y n;, <agy,

but if n! for all (i,3) # (1,1),

iy 2 %13
let

1) < By
For the determination of the remain-
ing ni ’E there are three possible
cases to be considered.

Case one:
If ni'j Ebij for all (i,3) # (1,1),
let

nyy = bij for all (i,j) # (1,1).
Case two:

If only one of the nij < bij’ for
(1,3) # (1,1), say n,

1
n2:|._>_'b2l andn >b

< b, but if

22,lt

349

Mo = M2
Doy = Ay
] ' - (n -
if 4y <nj; <n (n d21)
—- ] 1
= oy I ny Sdy
- n - n!
=n D22,
oy - '
if n' - (n d21) <nyy
Dop =0 = Dye
Case three:
. ]
If only one of the ni.j > bi,j’ for
(1,3) # (1,1), say née > by, but if
12 < b12 and n21 l let
— ] —- 1
Mo = Mo» foy = M2

_— - 1 - 1 - 1] .
Dop =M = Ny = My = Dy

(3) 1If two of the n! i3 < 840 So¥ nj; <a;
and n < 8155 then-utilize the allo-
ca.tion given by Case two of (2).

1
(4) If only one of the nj > 8;4, S8Y
L
Ny, > 850) then let
= A — 1 — ]
s B e - Bl P-Er~) B~
Bop =B = My = Bp = By

Thus, the complete S.R. specifies, for any
preliminary sample, the exact subsampling pro-
cedure. Having selected a random sample of n'
elements, the investigator would identify each
of the elements and ascertain the values of the
n‘,'L . From the S.R., the number of elements

(nij) to be selected from the (i,j)-th cell for

the main sample would be determined. The S.R.
is somewhat cumbersome to present, but simple to
use'for a single problem.

To find the optimal value of n', one must
be able to evaluate (assuming the S.R. given
above) 2V = E [V(nij)] for specified values of

n' and n. Noting that the expectation in (3.4)
refers to all possible sets of the n'j (with the
values of the n

13 determined by the S.R.), it is

clear that an analytical evaluation is not feasi-
ble. Moreover, even with specified values of the
necessary parameters and the aid of a computer,

a complete numerical evaluation of E [V(n )] is

impractical because of the extremely large number

of possible sets of the n:ij'



In lieu of a complete evaluation of
E [V(ni.)], one may use Monte Carlo sampling to

estimate E [V(nij)]'

a sample of size n' is drawn from the multi-
nomial distribution with inclusion probabilities
i " N, /N . Using the S.R., the n,, are

ij
found, and V(n ) calculated.

This procedure is
replicated K-l t1mes, and the sample mean (V)
and variance of V(nij) calculated. The entire

Thus, to determine the n!

procedure is repeated for different values of
n', and the "optimal value" of n' is chosen on
the basis of minimum V. If one selects a large
value for X (perhaps, K = 500) it appears, from
some numerical examples, that the Monte Carlo
procedure provides an unequivocal choice for the
optimal value of n' The sample standard error
of V is so small, and the pattern of the V (as
n increases) is so regular that an error in
selecting the optimal n' value is very unlikely.
Even if K = 100, one is unlikely to make a
costly error in selecting the optimal value of
n'. To illustrate this, consider the following

specification: C¥ =220, ¢' =1, c = 10, My =
15, M, = 220, T,y = .25, T 2 = ho, g, =1
g = 1, g = 1, €p = b, K ="100. Then, for

each trial value of n', the following quantities
are given in Table 3: the corresponding value
of n, V and s(V) = (Monte Carlo) sample estimate
of the standard error of V. The best choice for
n' is seen to be 30.

Table 3

Monte Carlo estimates of V for
various values of n'.

n' n V S(V)

20 20 3.27 0.082
30 19 2.68 0.015
4o 18 2.79 0.006
50 17 2.95 0.001

To estimate E [V(nij)]’ one must specify

values for the T, Although some of the mar-

ij’
ginal totals of the Nﬁj might be known, the Nij
will usually be unknown. However, in many
can

situations, reasonable estimates of the nij

be made. It must be emphasized that once n' is
determined, the,sampling,rule depends only on
the we1ghts in D and DT- (As noted earlier,

such weights do not have to be functions of the

-)

If a computer is not available, one may
roughly approximate {E [V(n J)]}/2 using a pro-

N, .
ij

cedure given by Sedransk® (1965) Thus, assum-

ing that ﬂ 11 < Mo < n21 < 22, consider the

2For further details, see Section 4.2.2 of that

paper.

ij’
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following approximate determination of the val-
ues of the E(nij):

= * i '
= E(nil), otherwise;
E(n,,) = (n-En,,)e,,/(g*-&;;)>
s 1
if E(n;,) > (n-En,,)g,,/(g*-g;;)
= E(niz), otherwise;
E(nyy) = (n-Eny;-Eny))e,)/(85:4855) s
. [
if E(n l) > (n-Enll'Enl2)g21/(g21+g22)
E(ngl), otherwise;
E(n22) =n - En,y - En,, - En,, (3.5)
* = ] _ ]
where g Tz 85 E(nij) = n'm ,, and for the

2 T - t
special case of n' = n, take E(nij) = E(nij)°

Finally, approximate {E [V(nij)]}/z by

N2, + N 02
Pl FRT i
V=322 ( =) 5, . (3-6)

Then, one may evaluate V' [using (3.5)]
for different choices of n', and choose the
"optimal" value of n' as before. For the cases
considered by Sedransk (1965), such a procedure
proved to be very satisfactory. To further in-
vestigate the utility of this approximate method,
22 examples have been worked using both the
approximate method, and the Monte Carlo sampling
procedure. At least 100 Monte Carlo replications
were used for each trial value of n' considered.
The examples were chosen to represent the wide
varlety of possible relationships among the T,

= N N and i
In Table 4, the following quantities are

presented for each example: (1) The values of

the gij and nij' Using the definition of gij’

it is easily verified that the examples include

a number of patterns of the ofj; (2) The "opti-
mal” values of n' as determined by the approxi-
mate and Monte Carlo methods (n and ng, respec-

tively); (3) The estimate, A, from Monte Carlo
sampling, of the per cent increase in the vari-
ance, V = E [V(nij)]/2, by using the "optimal"

n' value from the approximate method rather than
the optimal n' obtained from the Monte Carlo cal-
culations; (4) The ratio B = V/V' evaluated at
the "optimal" value of n' as determined by using
the approximate method. (Recall that V is the
Monte Carlo estimate of V.) B indicates the
utility of using V' as an estimator for V, the
value of n' chosen being the most appropriate



Table 4

Efficiency of a procedure to

estimate the optimal sample sizes:

C*¥ = 220 = n' + 10n.

' 1 * r XK
Ex. & €10 821 820 M1 Mo o1 Moo " o A B ¢
1 1 1 1 L .15 .20 .25 .bo 30 30 0.0 1.04 1.22
2 ly 1 1 1 .15 .20 .25 .bo 60 60 0.0 1.05 2.24
3 In L 2 2 .15 .20 .25 4o Lo Lo 0.0 1.09 1.49
L4 L 3 2 1 .15 .20 .25 4o 4o 50 5.4 1.1 1.70
5 1 2 3 L .15 .20 .25 4o 20 30 15.7 1.22 1.16
6 2 2 4 b .15 .20 .25 Lo 20 30 16.5 1.22 1.17
T L 1 L 1 .15 .20 .25 40 Lo 50 2.1 1.12 1.85
8 1 1 1 I .10 4o .10 Lo 30 30 0.0 1.07
9 I 1 1 1 .10 .bo .10 .bo 70 80 3.7 1.13
10 L 3 2 1 .10 Lo .10 Lo 50 60 0.2 1.16
11 2 2 b i .10 Lo .10 4o 50 50 0.0 1.09
12 4 1 L 1 .10 4o .10 .40 60 70 4.8 1.22
13 1 1 1 L .20 .20 .30 .30 30 Lo L4 1.1h4
1k Iy 1 1 1 .20 .20 .30 .30 50 50 0.0 1.06
15 4 3 2 1 .20 .20 .30 .30 30 4o 3.2 1.12
16 2 2 b I .20 .20 .30 .30 20 30 12.8 1.22
17 L 1 4 1 .20 .20 .30 .30 30 ko 5.7 1.11
18 1 1 1 I .10 .10 .20 .60 30 30 0.0 1.08
19 b4 1 1 1 .10 .10 .20 .60 70 70 0.0 1.12
20 L 3 2 1 .10 .10 .20 .60 60 T0 1.0 1.18
21 2 2 L L .10 .10 .20 .60 30 Lo 4,1 1.17
22 4 1 i 1 .10 .10 .20 .60 50 60 9.1 1.18

*
A is the (Monte Carlo) estimate of the per cent increase in variance, V, by using the "optimal" n'
value from the approximate method rather than the optimal n' obtained from the Monte Carlo calcu-

lations.

** —
B is the ratio V/V' calculated at the "optimal" value of n' as determined by using the approximate

method.

v

**¢ is the ratio VT wh
1s e ratio 20 Opt ere 20

is the (Monte Carlo) estimate of V for n' = n = 20, and VB

ot is

the corresponding estimate of V at the optimal value of n'.

one if the approximate method is employed; (5)
The ratio C = Veo/vgpt where V, is the (Mféte
Carlo) estimate of V for n' = n = 20, and VOpt
is the corresponding estimate of V for n' = né.
The results (presented in Table 4) are very
similar to those found by Sedransk (1965, pp-
996-999), and indicate that the loss of preci-
sion by using the "optimal" n' value from the
approximate method is generally small. The val-
ues of A range from 0.0% to 16.5% with only three
examples having values exceeding 10.0%. The
cases where A is large coincide with values of

né = 20. This may be explained by the observa-

tion that increasing n' a little from the single-
phase sampling position (n' = n) usually reduces
the variance considerably, whereas further in-
creases in n' produce smaller reductions in the
variance. Thus, when the true optimum value of
n' is only slightly larger than n' = n = 20,
taking né = 20 may result in a large increase in
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variance. To be conservative, if the value of
n; is near n (i.e., single-phase sampling is

indicated to be optimal), a further investiga-
tion is indicated. However, in most of the ,
examples the optimum is flat; that is, V varies
indubstantially with n' as n' moves in either
direction from its optimal value. From this dis-
cussion, it appears that if n; is not (nearly)

equal to n, one may be confident about using the
approximate method.

For some specifications of the nij and
choices of n', the probability of obtaining a
zero value for at least one of the nij may not be

negligible. In such cases, one may wish to take

a larger value of n' than that given by né or n;.

For the examples presented in Table 4, and in-
cluding all trial values of n' considered, all
estimates are based on samples having nij > 0 for
i, j =1, 2.



_ From B, it is clear that V' underestimates
V (and, therefore, should underestimate V) for
all examples. This agrees with the findings of
Sedransk (1965, p. 998). The ratio C, presented
for the first seven examples, indicates the
efficacy of double sampling. If one used single-
phase sampling (i.e., selected n' = n = 20),

rather than double sampling with n' = né, the

per cent increase in variance ranged from 16 to
124. Greater increases could be expected for
examples where né is very large.

Finally, it should be noted that Sedransk
(1965, pp. 998-999) has presented some numerical
evidence that the double sampling procedure is
robust with regard to specifying the values of
the gij' That is, the loss in unconditional

precision because of choosing a non-optimal
value of n' will generally be moderate, even if
there are fairly large errors in specifying the

gij' Also, he indicates that all of these con-

clusions seem to persist if the cost relation-
ship c/c' is altered.

If the approximate method is considered to
be unsatisfactory for some situations, one might
continue to use V' as given in (3.6), but
approximate the E(nij) more closely. (The first

order Taylor series approximation is likely to
be satisfactory since, in most applications, n'
and n will be large.) Using an "approximate"
S.R. akin to that given by Sedransk (1965, p
994 ), one may obtain E(nll)’ E(nle) =

E {E(nl2lnll)}, and E(n21) = E {E(n2l|nll,n12)}.

This is most easily accomplished by using normal
approximations to the distributions of the n{j,

but one will have to use some numerical integra-
tion to evaluate a few of the terms in E(n2l).

If the proportionately weighted estimators
are employed with the weights estimated from the
preliminary sample, the estimators of D and D
are given by

A

Dg = {nl1(qy - ¥pp)/n'd + {nlp(yp - ¥pp)/md

Dy = {n] Gy - ¥pp)/n'd + (g () - ¥pp)/m'}

(3-7)

Then, following the procedure used to de-
rive (33):

[Var(g&) + Var(g;)]/E =

' 2 1 2 2
1 (ppe( gl L
(n*)® i3
+v [ (“11 - Hpy) * (“12 - upo)]

ny .
+v [ = (Hyp = b)) * - (hpy - u22)]]

(3-8)

where E and V in (3.8) refer to all possible
sets of the nij with the corresponding nij de-

termined by the S.R.

It is clear from (3.8) that the choice of a
S.R. depends only on the term in curly brackets.
However, this term is equivalent to (3.3) with
(n‘j/n') and (ni /n') replacing (N J./I\T) and

(N /N). Hence, the complete S.R. given below

(3. h) may be utilized for the current problem
with the appropr1ate substitutions for (N /N)
and (N

If the estimators given by (3.7) are used,
it is difficult to determine the optimal value of
n'. For a fixed value of n', if one uses rough
approximations for the nij’ Monte Carlo sampling

may be employed to estimate the first term in
(3.8). As suggested above, this procedure may be
repeated for several different values of n', and
the "optimal" value thus located. However, the

variance terms in (3.8) depend on n', the nij and

the My Since the values of the My (and the

nij) may determine the true optimal value of n',

it appears that rough estimates of the two vari-

ance terms in (3.8) should be combined with the
Monte Carlo estlmates of the flrst term to

approximate 3 [Var(D ) + Var(D )] more closely.

4. An Additional Application of the Two-phase
Sampling Procedure

In classical double sampling for stratifica-
tion, one selects a simple random sample of size
n' with nﬁ elements subsequently identified as

being members of stratum h (h =1, 2, ..., L).
Then, one may select (by simple random sampling)
1

a subsample of elements from the elements
™ "n

found to belong to stratum h. Assuming that n'
is sufficiently large so that the probability of
obtaining any nﬁ > 0 is negligible, ygt =

z nﬂ ;h/n' is an unbiased estimator of the popu-
h

lation mean with

ny Y, /'] + E {2 (n))385/(n')%n, }

o
ver(yg,) = v (5 m,

- E (2 (n)%}/(n")N, ] (+-1)
h

where E and V in (4.1) refer to all sets of the
ny (nﬁ # 0) with the corresponding n, determined

by some sampling rule.
From (4.1), it is clear that for given val-

ues of n' and n, one should choose the sampling
rule to minimize the term in curly brackets.



(None of the other terms are functions of the
n.h.) This sampling rule (for L = 4 strata) can

be obtained immediately from the one presented
in Section 3. Finally, note the similarity be-
tween (4.1) and (3.8). (The two expressions
are essentially identical if the f.p.c. terms
are omitted from (4.1) or included in (3.8).)
Thus, the problem of finding the optimal value
of n' (assuming & linear cost function with pre-
specified budget) for double sampling with
stratification is identical with that presented
-earlier.
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